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1 INTRODUCTION 
The purpose of t h e  p resen t  paper is t o  
p resen t  r e s u l t s  from computer s imula t ions  
of t h e  flow of g ranu la r  m a t e r i a l s  down 
i n c l i n e d  chutes  o r  channels  and t o  compare 
t h e  r e s u l t s  of these  c a l c u l a t i o n s  wi th  ex- 
i s t i n g  experimental measurements of veloci ty ,  
s o l i d  f r a c t i o n  and mass flow r a t e  p r o f i l e s .  
I n  r e c e n t  yea r s  t h e r e  has  been a  s i g n i f i -  
c a n t  i n c r e a s e  of i n t e r e s t  i n  t h e  d e t a i l e d  
mechanics of g ranu la r  m a t e r i a l  flows and 
cons ide rab le  progress  had been made toward 
unders tanding t h e  d i f f e r e n t  regimes of flow. 
The p resen t  s t a t e  of knowledge has  r e c e n t l y  
been reviewed by Spencer (1981) and Savage 
(1982). The l a t t e r  comprehensively reviews 
t h e  r e c e n t  exper imental  and t h e o r e t i c a l  
work i n  h igher  speed g ranu la r  flows which 
l i e  i n  t h e  so-cal led "grain  i n e r t i a "  regime. 
It i s  c l e a r  t h a t  t h e  exper imental  work i n  
t h i s  a r e a  i s  hindered by l a c k  of well-proven, 
non- int rus ive  ins t rumentat ion necessary t o  
document p r e c i s e l y  t h e  v e l o c i t y ,  s o l i d  f r ac -  
t i o n  and g ranu la r  temperature  d i s t r i b u t i o n s  
wi th in  such flows. On t h e  o t h e r  hand most 
of t h e  e x i s t i n g  t h e o r e t i c a l  work i s  l i m i t e d  
t o  modest s o l i d  f r a c t i o n s  of t h e  o rde r  of 
0.3 t o  0.4.  Considerable work i s  r equ i red  
t o  extend t h e s e  t h e o r i e s  t o  s o l i d s  f r a c t i o n s  
approaching t h e  c r i t i c a l  value .  An a l t e r n a -  
t i v e  approach is  t o  u t i l i z e  t h e  kind of com- 
pu te r  s imula t ions  which have been q u i t e  suc- 
c e s s f u l  i n  t h e  analogous problems i n  molecu- 
l a r  gas  dynamics (Barker and Henderson 
(1976), Wood (1975)).  
The purpose of such computer s imula t ions  
i s  t h r e e f o l d .  F i r s t  they can provide in- 
s i g h t s  and d e t a i l e d  r e s u l t s  whcih can be  
used t o  suggest  appropr ia t e  assumptions 
and t o  v a l i d a t e  t h e o r e t i c a l  models p a r t i c u -  
l a r l y  a t  h igher  void f r a c t i o n s .  A t  t h e  
p resen t  t ime t h i s  is  b e s t  accomplished 
using simple shear  flows o r  Couette flows. 
Simulat ions  of such flows by the  p resen t  
methods a r e  r epor ted  i n  o t h e r  papers  
(Campbell (1982), Campbell and Brennen 
(1982))where t h e  v a r i a t i o n  of v e l o c i t y  
d i s t r i b u t i o n s  (dev ia t ions  from Maxwellian 
d i s t r i b u t i o n s  a t  h igher  v ) , c o l l i s i o n  angle  
d i s t r i b u t i o n s  and o t h e r  s t a t i s t i c a l  informa- 
t i o n  i s  provided. 
A second o b j e c t i v e  of t h e  computer simu- 
l a t i o n s  i s  t o  compare t h e  r e s u l t s  wi th  
experimental measurements i n  o rde r  t o  es-  
t a b l i s h  appropr ia t e  models of t h e  mechanics 
of p a r t i c l e / p a r t i c l e  and p a r t i c l e / w a l l  
i n t e rac t+ons .  Most of t h e  e x i s t i n g  measure- 
ments of t h i s  kind on shear  flows come 
from experiments on granular  m a t e r i a l  flow 
down i n c l i n e d  (or  v e r t i c a l )  channels o r  
"chutes" ( see  r e fe rences  of Sect ion 5 ) .  
Thus t h e  o b j e c t i v e  of t h i s  paper i s  t o  
b r i e f l y  r e p o r t  on some comparisons between 
t h e  r e s u l t s  of a  computer s imulat ion and 
t h e  e x i s t i n g  d a t a  f o r  flows down i n c l i n e d  
chu tes .  Fur ther  d e t a i l s  can be found i n  
Campbell (1982). 
P a r e n t h e t i c a l l y  one might add, t h a t  a  
t h i r d  use  of computer s imula t ions  might be 
t o  exp lo re  t h e  e f f e c t s  of a d d i t i o n a l  f o r c e s  
such a s  those  due t o  t h e  i n t e r s t i t i a l  f l u i d  
and e l e c t r o s t a t i c  e f f e c t s .  For s i m p l i c i t y ,  
such e f f e c t s  a r e  not included a t  the  
p resen t  s t a g e  of t h e  development of t h e  
s imula t ion .  Discuss ion of i n t e r s t i t i a l  
f l u i d  e f f e c t s  can be found i n  o t h e r  r e c e n t  
works (Savage (1982)).  
Other computer models of g ranu la r  ma-  
t e r i a l  flows inc lude  t h e  work of Cundall  
(1974), Davis and Deresiewicz (1977), 
Cundall  and S t rack  (1979), Trol lope and 
Berman (1980) and Walton (1980). Most of 
t h e s e  a r e  d i r e c t e d  toward t h e  s imula t ion  
of slower flows and smal ler  deformations.  
However, i n  h i s  o r i g i n a l  work Cundall  (1974) 
d id  extend h i s  methods t o  some h igher  speed 
but  t r a n s i e n t  flows such a s  r o c k f a l l s  and 
and t h e  emptying of a  hopper. Also t h e  
v e r s a t i l i t y  of Walton's (1980) computer 
program i s  r e a d i l y  apparent from t h e  ex- 
c e l l e n t  movies which t h e  Lawrence Livermore 
Laboratory has  produced. However t o  our 
knowledge none of t h e  e x i s t i n g  models have 
been used t o  produce continuous "steadyf '  
f lows which could be used f o r  b a s i c  rheo- 
l o g i c a l  purposes. The i n t e n t  of t h e  pre- 
s e n t  model was t o  minimize t h e  complexity 
of the  geometry and t h e  i n t e r a c t i o n s  so  
t h a t  s teady flows of s u f f i c i e n t l y  long 
d u r a t i o n  f o r  rheo log ica l  a n a l y s i s  would 
be  produced. Thus t h e  s imula t ions  a r e  
j u s t  two-dimensional and t h e  p a r t i c l e s  a r e  
c i r c u l a r  cy l inde r s .  Though extension of 
t h e  s imula t ion  t o  t h e  t h i r d  dimension i s  
p o s s i b l e ,  t h e  necessary computer t ime would 
b e  considerably  g r e a t e r .  
2 COMPUTER SIMULATION 
The p resen t  method f o r  t h e  computer simula- 
t i o n  of granular  m a t e r i a l  flows has  been 
documented elsewhere (Campbell (1982), 
Campbell and Brennen (1982) and w i l l  only  
b r i e f l y  be  descr ibed i n  t h e  p resen t  paper.  
Two dimensional u n i d i r e c t i o n a l  flows of 
i n e l a s t i c  c i r c u l a r  c y l i n d e r s  a r e  followed 
mechan i s t i ca l ly .  The flow s o l u t i o n s  sought 
have no g rad ien t s  i n  t h e  flow d i r e c t i o n  
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Fig. 1. Schematic of chute  flow s imula t ion  
Couet te  flows and chu te  flows have been 
examined t h e  p resen t  paper is confined t o  
d i s c u s s i o n  of the  s imula t ions  of chute  flow. 
Thus t h e  s imula t ion  is  i n i t i a t e d  by p lac ing  
a  number of c y l i n d r i c a l  p a r t i c l e s  i n a c o n -  
t r o l  volume bounded by t h e  chute  bottom 
and two perpendicular  "periodic" boundaries 
( see  Figure  1 ) .  A p a r t i c l e  pass ing out  of 
t h e  c o n t r o l  volume throughone of t h e  p e r i -  
o d i c  boundaries immediately r e -en te r s  t h e  
c o n t r o l  volume through t h e  o t h e r  p e r i o d i c  
boundary a t  t h e  same r e l a t i v e  h e i g h t  above 
t h e  chute  bottom and t h e  same ins tan taneous  
v e l o c i t y .  Thus t h e  number of p a r t i c l e s  
i n i t i a l l y  placed wi th in  t h e  c o n t r o l  volume 
remains cons tan t  and even tua l ly  determines  
t h e  depth of t h e  flow. The sepa ra t ion ,  L ,  
between t h e  p e r i o d i c  boundary was ad jus ted  
u n t i l  f u r t h e r  doubling of t h i s  l e n g t h  ( a s  
w e l l  a s  t h e  number of p a r t i c l e s )  had l i t t l e  
e f f e c t  on t h e  r e s u l t s .  For t h e  p resen t  re-  
s u l t s  va lues  of L/R (R i s  t h e  p a r t i c l e  
r a d i u s )  of about 10 were found t o  be  su f -  
f i c i e n t  f o r  t h i s  purpose ( see  Figure  2 ) .  
A l l  s imula t ions  were begun wi th  a  ran- 
domly per turbed square  l a t t i c e  a r e a  of 
p a r t i c l e s  i n  t h e  c o n t r o l  volume and ran- 
domly chosen ins tantaneous t r a n s l a t i o n  
v e l o c i t i e s  (u,v i n  t h e  x,y d i r e c t i o n s  of 
F igure  1 )  and r o t a t i o n a l  v e l o c i t y  (w). 
Consequently it  i s  convenient t o  r e f e r  t o  
s imula t ions  by t h e  dimensions of t h i s  i n i -  
t i a l  a r r a y ;  f o r  example, 1 0 x 4  is a simula- 
t i o n w i t h  10 rows of 4 p a r t i c l e s .  The i n t e n t  
is t o  mechan i s t i ca l ly  fol low t h e  e n t i r e  
assemblage of p a r t i c l e s ,  under t h e  a c t i o n  
of g r a v i t y  (g ) ,  a s  it proceeds from col-  
l i s i o n  t o  c o l l i s i o n  u n t i l  a  f i n a l  asymptotic 
s t a t e  i s  reached i n  which t h e  flow i s  s t eady  
i n  t h e  sense  of being i n v a r i a n t  over long 
t ime s c a l e s .  D e t a i l s  of t h e  convergence 
toward such a  s t a t e  a r e  descr ibed i n  
Campbell (1982) and w i l l  no t  be  r epea ted  
he re .  The r e s u l t s  presented he re  were run 
f o r  a s  long a s  200,000 c o l l i s i o n s .  Though 
t h e  Couet te  flows descr ibed elswhere r e -  
qu i red  only  about 20,000 c o l l i s i o n s  f o r  
convergence of a  t y p i c a l  10 x 4 s imula t ion  
t h e  p resen t  chute  flows requ i red  consider-  
a b l y  longer .  Furthermore determinat ion of 
convergence was clouded by t h e  f a c t  t h a t  
most of t h e  s imula t ions  e x h i b i t e d  t h e  
cont inuous f l u c t u a t i o n s  t y p i c a l  of sma l l  
thermodynamic systems (Landau and L i f s h i t z  
(1958)).  I n  a d d i t i o n  t h i s  considerably  
inc reased  t h e  dura t ion  of "steady flow" 
necessary t o  perform meaningful eva lua t ion  
of t h e  flow p r o p e r t i e s .  
I n  summary, we b e l i e v e  t h e  s imula t ions  
wi th  chute  i n c l i n a t i o n s  of 30' a r e  w e l l  
converged. However those  a t  a = 2 0 °  and 
a = 4 0 °  may s t i l l  have contained some smal l  
d e c e l e r a t i o n  and a c c e l e r a t i o n  r e s p e c t i v e l y  
a t  t h e  conclusion of t h e  s imula t ions .  
Each ind iv idua l  p a r t i ~ l e / ~ a r t i c l e  o r
p a r t i c l e  w a l l  c o l l i s i o n  i s  assumed t o  be 
i n s t an taneous  and t h e  r e s u l t i n g  depar tu re  
v e l o c i t i e s  ca lcu la ted  by convent ional  means. 
The two c losure  cond i t ions  used were a s  
fol lows.  F i r s t  t h e  r e l a t i v e  approach and 
depar tu re  v e l o c i t y  components p a r a l l e l  t o  
t h e  l i n e  of c e n t e r s  a r e  r e l a t e d  by a  coef- 
f i c i e n t  of r e s t i t u t i o n  t o  r ep resen t  t h e  
i n e l a s t i c i t y  of t h e  c o l l i s i o n s .  D i f f e r e n t  
c o e f f i c i e n t s  (denoted r e s p e c t i v e l y  by E~ 
and E ~ )  can be  used f o r  p a r t i c l e l p a r t i c l e  
and p a r t i c l e / w a l l  c o l l i s i o n s .  Values of 
0.6 and 0 .8  were deemed appropr ia t e  a s  a  
r e s u l t  of experiments wi th  t y p i c a l  g l a s s  
beads and aluminum w a l l s  and many of t h e  
s imula t ions  use these  va lues .  Secondly a  
f r i c t i o n a l  c losu re  cond i t ion  p e r t a i n i n g  
t o  t h e  r e l a t i v e  t a n g e n t i a l  v e l o c i t i e s  of 
t h e  con tac t  p o i n t s  upon depar tu re  is  nec- 
e s sa ry .  For reasons  discussed elsewhere 
(Campbell (1982)) t h e  p resen t  s imula t ions  
were run  with  a  cond i t ion  r e q u i r i n g  zero 
r e l a t i v e  t a n g e n t i a l  v e l o c i t y  of t h e  con tac t  
p o i n t s  upon depar tu re  from a  c o l l i s i o n .  
Th i s  choice  is  somewhat h e u r i s t i c .  R e s u l t s  
us ing a l t e r n a t i v e  simple choices  f o r  t h i s  
f i n a l  c l o s u r e  cond i t ion  f o r  p a r t i c l e / w a l l  
c o l l i s i o n s  a r e  r epor ted  elsewhere (Campbell 
(1982)) and it  w i l l  be  seen i n  s e c t i o n  5 
t h a t  t h i s  choice  can have s u b s t a n t i a l  e f f e c t  
upon t h e  v e l o c i t y  p r o f i l e .  
3  PRESENTATION OF RESULTS 
A l l  flow p r o p e r t i e s  were obta ined a s  func- 
t i o n s  of d i s t a n c e ,  y ,  from t h e  chute  bottom 
by d i v i d i n g  t h e  c o n t r o l  volume i n t o  s t r i p s  
and computing t h e  p a r t i c l e  weighted mean 
of t h a t  proper ty  i n  each s t r i p  (Campbell 
(1982)) over a  s u b s t a n t i a l  l e n g t h  of t ime 
(up t o  50,000 c o l l i s i o n s ) .  The mean veloc- 
i t y  p a r a l l e l  w i th  t h e  chu te ,  < u  >, and mean 
s o l i d  f r a c t i o n ,  v, were obta ined i n  t h i s  
way. I n  a d d i t i o n ,  d a t a  is  presented he re  
f o r  t h e  t r ans la t iona l tempera tu re  (Savage 
(1982)) def ined a s  t h e  k i n e t i c  energy as-  
soc ia t ed  wi th  t h e  random t r a n s l a t i o n a l  mo- 
t i o n s  of t h e  p a r t i c l e s  (divided by m/2) 
a s  opposed t o  t h e  k i n e t i c  energy assoc ia ted  
wi th  t h e  mean shea r  motion. S p e c i f i c a l l y  
t h e  non-dimensional t r a n s l a t i o n a l  tempera- 
t u r e  i s  def ined a s  (<u2>  + <v2> - <u>>)  / g ~  
and t h i s  is  denoted i n  t h e  f i g u r e s  by 
(<U' + <v' '>) /gR. Th i s  quan t i ty  is  of 
p a r t i c u l a r  i n t e r e s t  from a  r h e o l o g i c a l  
po in t  of view (Savage (1982)) f o r  i t  is  
p r e s e n t l y  bel ieved t h a t  t h e  r a t i o  of t h e  
t y p i c a l  v e l o c i t y  d i f f e r e n c e  due t o  s h e a r ,  
Z ~ d < u > / d ~ ,  t o  t h e  t y  i c a l  random t r a n s l a -  
t i o n a l  v e l o c i t y ,  (<up'> + <vt '>)%, p lays  a  
c e n t r a l  r o l e  i n  determining t h e  c o n s t i t u -  
t i v e  behavior  of t h e  flowing g ranu la r  media 
(Savage (1982), Jenkins  and Savage (1982)).  
The r e s u l t s  presented he re  a r e  a l l  non- 
dimensionalized us ing t h e  intrinsic s c a l e s  
f o r  l e n g t h ,  R ,  f o r  v e l o c i t y ,  ( g ~ ) 5 ,  and 
f o r  mass, m (mass of a  p a r t i c l e ) .  It 
should a l s o  be noted t h a t  t h e  only non- 
geometric parameters inputed t o  t h e  simula- 
t i o n  a r e  t h e  c o e f f i c i e n t s  of r e s t i t u t i o n ,  
 a and^^, and t h e  r a t i o ,  B ,  of t h e  r a d i u s  
gyra t ion  of t h e  p a r t i c l e s  t o  t h e i r  r a d i u s .  
A l l  t h e  p resen t  s imulat ions  were run  w i t h  
8=$ ,  t h e  value  appropr ia t e  t o  c y l i n d e r s .  
4  RESULTS OF CHUTE FLOW SIMULATIONS 
Three t y p i c a l  ins tantaneous snapshots  o f  
t h e  arrangement of p a r t i c l e s  i n  t h e  c o n t r o l  
volume a r e  presented i n  Figure  2  f o r  f lows 
a t  a = 2 0 ° ,  30' and 40' r e s p e c t i v e l y .  Note 
i n  p a r t i c u l a r  t h a t  a s  t h e  ang le  and the re -  
f o r e  t h e  v e l o c i t y  and shear  r a t e  o f  t h e  
flow i s  increased t h e  bulk  of t h e  flow ap- 
pea r s  t o  r i d e  on a  lower s o l i d  f r a c t i o n  
l a y e r  of h igh ly  a g i t a t e d  p a r t i c l e s .  
Fig .  2 .  Typical  shapshots  from t h e  chu te  
flow s imula t ions  f o r  i n c l i n a t i o n s  of 
( a ) a = 2 0 °  ( b ) a = 3 0 °  ( c ) a = 4 0 °  
Typical  v e l o c i t y ,  s o l i d  f r a c t i o n  and 
temperature  p r o f i l e s  a r e  presented i n  
Figure  3. The v e l o c i t y  p r o f i l e  is  much a s  
one would expect and e x h i b i t s  a  s l i p  a t  t h e  
w a l l  which i s  about ha l f  of t h e  v e l o c i t y  of 
t h e  upper su r face .  The s o l i d  f r a c t i o n  pro- 
f i l e  e x h i b i t s  t h e  reduced dens i ty  l a y e r  
nea r  t h e  w a l l  which is  c l e a r l y  a s soc ia ted  
wi th  a  h igher  shear  r a t e  and temperature .  
P a r e n t h e t i c a l l y  it might be remarked t h a t  
t h e  demonstration of t h e  " f lu id iz ing"  e f f e c t  
of a  low dens i ty  l a y e r  of h ighly  a g i t a t e d  
p a r t i c l e s  nea r  t h e  wa l l  may provide an 
a l t e r n a t e  explanat ion of t h e  " f lu id iza t ion"  
of some of l a n d s l i d e s  and avalanches .  
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Fig. 3 .  Typical  v e l o c i t y ,  s o l i d  f r a c t i o n  and t r a n s l a t i o n a l  temperature p r o f i l e s  f o r  a  
10 x,4 s imulat ion wi th  a =  30°, e = 0 . 6 ,  E = 0 . 8  
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SCALED VELOCITY. <u>/<u SOLID FRACTION, v 
Fig. 4. Ve loc i ty  and s o l i d  f r a c t i o n  pro- 
f i l e s  f o r  d i f f e r e n t  chute  i n c l i n a t i o n s  
(a = 20°,  30' and 40') f ~ r  10 x 4 s imula t ions  
wi th  E = 0 . 6 ,  E = 0 . 8 .  
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Typical  v e l o c i t y  and s o l i d  f r a c t i o n  p r o f i l e s  
f o r  each of t h e  i n c l i n a t i o n  ang les  a r e  in-  
cluded i n  Figure  4. Note t h a t  t h e  decrease  
i n  s o l i d  f r a c t i o n  nea r  t h e  f r e e  s u r f a c e  i s  
a  man i fes t a t ion  of a  s a l t a t e d  l a y e r  of 
p a r t i c l e s  on t h e  top  of t h e  bulk  of t h e  
flow. 
Note a l s o  t h a t  t h e  v e l o c i t y  p r o f i l e  f o r  
01=20° d e v i a t e s  from t h a t  f o r  a = 3 0 °  o r  
40'. This  i s  due t o  t h e  ex i s t ence  of a  
non-shearing plug i n  t h e  cen te r  of t h i s  
dense, slow moving flow, a  phenomenon t h a t  
d id  n o t  occur a t  h igher  i n c l i n a t i o n  ang les .  
The d a t a  f o r  a = 2 0 °  is  repeated i n  Figure  
5 i n  o rde r  t o  f u r t h e r  document t h i s  i n t e r -  
e s t i n g  example of t h e  coexis tence of a  
high dens i ty  unshearing plug and a  lower 
d e n s i t y  shea r ing  flow. Also ind ica ted  i n  
F igure  5 i s  t h e  square packing s o l i d  
f r a c t i o n ,  Us ,  and t h e  maximum s o l i d  
f r a c t i o n  which pe rmi t s  t h e  shea r ing  of 
c y l i n d e r s ,  v, (Campbell (1982)).  The 
s o l i d s  f r a c t i o n  exceeds both  these  va lues  
i n  a  c e n t r a l  p a r t  of t h e  flow and t h e r e f o r e  
t h e  shear  r a t e ,  d<u>/dy must be  zero a t  
l e a s t  when v>vm. However t h e  g ranu la r  
temperature  of t h i s  p lug is  not  zero .  
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F ig .  5. Veloci ty ,  s o l i d  f r a c t i o n  and t r a n s -  
l a t i o n a l  temperature p r o f i l e s  f o r  t h e  a = 2 O 0  
s imula t ion  ( 1 0 x 4 ,  e = 0 . 6 ,  E =0.8) showing 
plug flow region.  W 
But i n  t h e  absence of shear  t h i s  tempera- 
t u r e  cannot be  i n t e r n a l l y  generated.  Hence 
t h e  temperature p r o f i l e  of Figure  5 repre-  
s e n t s  t h e  conduction of f l u c t u a t i n g  k i n e t i c  
energy i n t o  t h e  plug from t h e  sheared 
reg ions  both  on top  of and below t h e  plug 
and t h e  subsequent d i s s i p a t i o n  of t h i s  
f l u c t u a t i n g  k i n e t i c  energy by c o l l i s i o n s  
wi th in  t h e  ma t r ix  of t h e  plug.  
Typical  d a t a  f o r  d i f f e r e n t  p a r t i c l e /  
p a r t i c l e  c o e f f i c i e n t s  of r e s t i t u t i o n ,  E , 
P 
i s  shown i n  F i g u r e  6 .  Lower va lues  of E 
P tend t o  cause b l u n t e r ,  more plug l i k e  ve- 
l o c i t y  p r o f i l e s  wi th  higher  va lues  of t h e  
s o l i d  f r a c t i o n .  The t h r e e  s imula t ions  i n  
Figure  6 a l l  have t h e  same number of par- 
t i c l e s  i n  i d e n t i c a l  c o n t r o l  volumes (10 x  4 
s imula t ions ) .  Consequently t h e  h igher  
va lue  of cp, t h e  more d i l a t e d  and deeper 
t h e  flow. Other s imula t ions  wi th  d i f f e r e n t  
va lues  of t h e  p a r t i c l e / w a l l  c o e f f i c i e n t  of 
r e s t i t u t i o q  ( E ~ )  showed t h a t  t h i s  parameter 
had only a  minor e f f e c t  on t h e  flow 
(Campbell (1982)).  
VELOCITY, 2%2 m SOLID FRACTION,u 
Fig.  6 .  E f f e c t  of p a r t i c l e f p a r t i c l e  coef- 
f i c i e n t  of r e s t i t u t i o n ,  cp,  on v e l o c i t y  
and s o l i d  f r a c t i o n  p r o f i l e s  ( a = 3 0 ° ,  1Ox 4 
s imula t ion ,  c W =  0.8) 
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Fig .  7. E f f e c t  of f low depth on t h e  veloc- 
i t y  and s o l i d  f r a c t i o n  p r o f i l e s  of t h e  
a =  30° s imulat ion 
The e f f e c t  of t h e  flow depth is demon- 
s t r a t e d  i n  Figure  7  us ing s imula t ions  wi th  
i n i t i a l  square  l a t t i c e  arrangements of 
5 x  4 ,  10 x 4  and 13 x  4 p a r t i c l e s  and con- 
t r o l  volumes of t h e  same width .  The ve- 
l o c i t y  v a r i a t i o n s  ac ross  t h e  depth tend t o  
i n c r e a s e  wi th  inc reas ing  depth.  Also t h e  
maximum s o l i d  f r a c t i o n  seems t o  approach a  
l i m i t i n g  va lue  which is  f i r s t  a t t a i n e d  he re  
i n  t h e  1 0 x  4 s imulat ion;  f u r t h e r  i n c r e a s e  
i n  depth  l eads  t o  an i n c r e a s e  i n  t h e  ex- 
t e n t  of t h i s  c e n t r a l  region of roughly 
uniform s o l i d  f r a c t i o n .  Similar  behavior  
was observed exper imental ly  by Ridgway and 
Rupp (1970). 
5 COMPARISON WITH EXPERIMENT 
Though t h e  experimental da ta  base i s  l i m i t e d  
because of t h e  l a c k  of w e l l  proven i n s t r u -  
men ta t ioncapab leof  making l o c a l  measure- 
ments of bo th  s o l i d  f r a c t i o n  and v e l o c i t y ,  
i t  i s  va luab le  t o  compare t h e  s imula t ion  
r e s u l t s  wi th  t h e  a v a i l a b l e  d a t a .  Augenstein 
and Hogg (1978), Ba i l a rd  (1978), I s h i d a  and 
S h i r a i  (1970), Savage (1979) and Ridgway 
and Rupp (1970) have a l l  attempted t o  
measure t h e  v a r i a t i o n  of flow p r o p e r t i e s  
wi th  depth  i n  chute  flows a t  d i f f e r e n t  i n -  
c l i n a t i o n  angles .  
The form of t h e  v e l o c i t y  p r o f i l e s  obta ined 
from t h e  p resen t  s imulat ion a r e  i n  q u a l i t a -  
t i v e  agreement wi th  those  measured by 
Augenstein and Hogg (1978) and Bai lard  (1978) 
bu t  no t  wi th  those  measured by Savage (1979) 
o r  I s h i d a  and S h i r a i  (1979). The l a t t e r  
measurements con ta in  i n f l e x i o n  p o i n t s  i n  
t h e  p r o f i l e  s e v e r a l  p a r t i c l e  diameters  from 
t h e  w a l l  which a r e  no t  p resen t  i n  t h e  simu- 
l a t i o n  o r  t h e  o t h e r  exper imental  d a t a .  The 
reason f o r  t h i s  discrepancy i s  not c l e a r  a t  
p resen t  though Savage (1982) sugges t s  t h a t  
they may rep resen t  a t  l e a s t  two d i f f e r e n t  
types  of flow. 
A comparison between t h e  v e l o c i t y  pro- 
f i l e s  of Augensten and Hogg (1978) and t h e  
s imula t ion  i s  presented i n  Figure 8  f o r  
flows wi th  s i m i l a r  depths  and a  chu te  
i n c l i n a t i o n  of 40'. It i s  c l e a r  t h a t  t h e  
magnitude of t h e  v e l o c i t i e s  a r e  i n  good 
agreement f o r  t h e  reasonable  va lues  of 
c p = 0 . 6 ,  cW=0.8 .  More d e t a i l e d  compari- 
son i s  complicated p r imar i ly  by ques t ions  
concerning t h e  appropr ia t e  boundary condi- 
t i o n  a t  t h e  chute  bottom (as  we l l  a s  o t h e r  
l e s s e r  complicat ions  such a s  t h e  a s sess -  
ment of s idewal l  e f f e c t s )  . Augenstein and 
Hogg performed measurements wi th  v a r i o u s  
s i z e s  of p a r t i c l e s  glued t o  t h e  chu te  bo t -  
tom t o  s imula te  va r ious  boundary cond i t ions .  
Some of t h e s e  a r e  shown i n  Figure  8 .  When 
t h e  glued p a r t i c l e s  were l a r g e r  than those  
of t h e  f low t h e  v e l o c i t y  p r o f i l e  e x h i b i t e d  
g r e a t e r  shear  and zero s l i p  a t  t h e  wa l l .  
On t h e  o the r  hand s u b s t a n t i a l  s l i p  occurred 
f o r  roughnesses smal l e r  than t h e  flowing 
p a r t i c l e s .  
F ig .  8 .  Comparison of a  s imulat ion v e l o c i t y  
p r o f i l e  ( @ , a = 4 0 ° ,  5 x 4  s imulat ion,  e p = 0 . 6 ,  
~ ~ = 0 . 8 )  wi th  p r o f i l e s  measured byAugenstein 
and Hogg; A, 35 x 48 mesh sand on smooth 
s t a i n l e s s  s t e e l  s u r f a c e ;  V, 3 5 x 4 8  mesh 
sand on su r face  roughened with  35 x 4 8  mesh 
s a n d ; D  , 28 x 35 mesh sand on s u r f a c e  
roughened wi th  65 x100 mesh sand 
The c h o i c e o f  t h e  f i n a l  c losu re  cond i t ion  
f o r  p a r t i c l e / w a l l  c o l l i s i o n s  i n  t h e  simula- 
t i o n  ( see  Sect ion 2) impl i e s  some f r i c t i o n a l  
i n t e r a c t i o n  a t  t h e  boundary. The comparison 
of Figure  8  suggested'  t h a t  t h i s  corresponds 
t o  s l i g h t l y  rough wa l l s .  It i s  c l e a r ,  how- 
e v e r ,  t h a t  t h e  s imulated boundary cond i t ion  
could b e  va r i ed  i n  a  way t h a t  would produce 
a  family  of p r o f i l e s  s i m i l a r  t o  those  of 
Augenstein and Hogg. 
So l id  f r a c t i o n  p r o f i l e s  f o r t h e  flow of 
v a r i o u s  sands have been obta ined by Ba i l a rd  
(1978). Though no d i r e c t  comparison i s  
p resen ted  i n  t h i s  paper f o r  reasons  of 
space,  t h e r e  i s  cons ide rab le  q u a l i t a t i v e  
agreement between B a i l a r d ' s  measured pro- 
f i l e s  and those  of f i g u r e s  3,4,6 and 7. 
Both e x h i b i t  lower s o l i d s  f r a c t i o n s  nea r  
t h e  bottom and i n  t h e  s a l t a t e d  l a y e r  wi th  a  
c e n t r a l  region of h igher  dens i ty .  Ridgway 
and Rupp (1970) a l s o  purpor t  t o  p resen t  
s o l i d  f r a c t i o n  p r o f i l e s .  However t h e i r  
p r o f i l e s  a r e  der ived from mass f low r a t e  
p r o f i l e s  assuming uniform v e l o c i t y ,  an  
assumption which is  quest ionable .  Con- 
sequen t ly  it i s  p r e f e r a b l e  t o  r e c o n s t r u c t  
t h e i r  mass flow r a t e  p r o f i l e s  and compare 
w i t h  t h e  mass flow r a t e  p r o f i l e s  of t h e  
s imula t ion .  Even then i t  is  c l e a r  t h a t  t h e  
p r e s e n t  two-dimemsional flows of c y l i n d e r s  
w i l l  e x h i b i t  h igher  s o l i d  f r a c t i o n  va lues  
than a  flow of t h r e e  d imens iona lpa r t i c l e s .  
One way of e s t a b l i s h i n g  an e f f e c t i v e  equiv- 
a l e n t  t h r e e  dimensional s o l i d  f r a c t i o n  
( v ~ ~ )  corresponding t o  a  p a r t i c u l a r  simula- 
t i o n  va lue ,  w ,  i s  t o  base  it  on s i m i l a r  in-  
4  (("' )" t e r p a r t i c l e  spacing s o t h a t  v 3 ~ = -  - . 3 lr 
One example of t h e  corresponding e f f e c t i v e  
three-dimensionalmass flow r a t e  p r o f i l e  was 
c a l c u l a t e d  from a  s imulat ion of one of t h e  
40' chute  flows i n v e s t i g a t e d  by Ridgway 
and Rupp (1970) and i s  presented i n  Figure  
9. The non-dimensional mass flow r a t e ,  
&3-D is  def ined a s  v3D < u > / ( ~ R ) +  . The 
agreement i n  Figure  9  IS a s  good a s  could 
be  expected. 
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Fig.  @.Comparison of one of t h e  mass flow 
r a t e  ( v ~ ~ < Y > / ( ~ R ) ' )  p r o f i l e s  of Ridgway 
andRupp with  a  s imula t ion  of t h e  same flow 
( a = 4 0 ° ,  4 x 4  s imula t ion) .  
7 
6 CONCLUSIONS 
The two-dimensional s imulat ion of t h e  flows 
of g ranu la r  m a t e r i a l s  down i n c l i n e d  chutes  
descr ibed i n  t h i s  paper produce r e s u l t s  
which agree  w e l l  wi th  e x i s t i n g  experimental 
d a t a .  Both t h e  magnitudes and t h e  p r o f i l e s  
of t h e  v e l o c i t y ,  s o l i d  f r a c t i o n  and mass 
flow r a t e s  a r e  c o n s i s t e n t  wi th  t h e  d a t a  of 
Augenstein and Hogg (1978) and Ridgway and 
Rupp (1970). It is  however c l e a r  t h a t  some 
work i s  requ i red  t o  proper ly  c o r r e l a t e  t h e  
roughness of t h e  s o l i d  chute  bottom wi th  
d i f f e r e n t  models of t h e  p a r t i c l e / w a l l  i n t e r -  
a c t i o n .  However t h e  general  consis tency 
wi th  experiment does confirm t h e  v a l i d i t y  
of t h e  model. Consequently t h e  model can 
be used wi th  some confidence t o  a s s e s  flow 
p r o p e r t i e s  such a s  t h e  g ranu la r  temperature 
a s w e l l  a s  o t h e r  s t a t i s t i c a l  informat ion i n  
o rde r  t o  provide d e t a i l e d  unders tanding of 
t h e s e  granular  m a t e r i a l  flows. 
Several  phenomena observed i n  t h e  simu- 
l a t i o n  emphasize t h e  need f o r  f u r t h e r  un- 
de r s t and ing  of t h e  product ion and conduc- 
t i o n  of granular  temperature.  P a r t i c u l a r l y  
a t  h igher  i n c l i n a t i o n  ang les  t h e  chute  flow 
appears  t o  r i d e  on a l a y e r  of l e s s  dense, 
h igh ly  a g i t a t e d l a y s r  of p a r t i c l e s  wi th  a 
high g ranu la r  temperature.  A r t i f i c i a l  
v i b r a t i o n o f  t h e  w a l l  could perhaps enhance 
t h i s  e f f e c t  and a c c e l e r a t e  t h e  flow. 
On t h e  o t h e r  hand, t h e  s imula t ions  of 
t h e  slower flows a t  a = 2 0 °  demonstrate 
how an unshearable  plug o r  ma t r ix  can 
develop i n  t h e  c e n t e r  of t h e  flow. Suf- 
f i c i e n t  i n t e r n a l  d i s s i p a t i o n  must occur 
wi th in  t h i s  p lug so t h a t  t h e  g ranu la r  h e a t  
conducted i n  from t h e  surrounding shea r ing  
f low does not  r e s u l t  i n  a plug temperature 
necessary f o r  d i l a t i o n  t o  shea rab le  s o l i d  
f r a c t i o n s .  These obse rva t ions  emphasize 
t h e  need f o r  thedevelopment o f a  product ion/  
d i s s i p a t i o n  equat ion f o r  g ranu la r  temperature.  
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